Partial exam fysische chemie 3 / advanced physical chemistry: statistical
thermodynamics. April 4, 2018.

1. The frequencies of the normal modes of photons in a cubic box of edge-length L
are given by
C 2,2, 2
b= N, +n;+n; .
Here cis the speed of light and ny, ny, n; are positive integers (1, 2, 3, ...). Photons
only have transverse modes with two polarizations.

a. [10] Show (using geometry to count the modes) that the resulting total number of
normal modes of frequencies in between vand v +duv in a box with volume V=L3 is
given by

2
G(v)dv = 87Vv

C3

do

b. [10] The energy levels of photons (electromagnetic oscillators) are given by
g, =nhv, withn =0, 1, 2, ... The partition function of an oscillator being given by

Z= Ze‘g"/” , show that the average energy £(v) of a photon is given by
n=0

ho
e(L)=——.
(v) /KT _q
c. [5] With E(v)do the total radiant energy in the range v to v+duv, show that the
spectral energy density is given by
82Vh(v/c)?
E(v)=————
( ) th/kT _l
d. [15] Show that the temperature of the box (the ‘black body’) to a good
approximation is given by T =ho,,, /3K with v, the frequency where E(v)has a
maximum. Could this result in principle be used to estimate the temperature of the
cosmic microwave background?

2. a. [15] Show that the total intermolecular interaction energy in (simple) gases and
liquids is given by

£, = 22N o 9N,

with ¢(r) the potential energy of (assumed spherical symmetric) interaction between
two atoms or molecules as a function of the distance r between their centers, and
g(r) the radial distribution function.

b. [15] Calculate Ein: for a dilute system that interacts by a square well potential given

by

P(r) = oo (r<o)
-€ (o1<r< 02)
0 (r>02)

Also, comment on the behavior of Ei,: as a function of temperature.



3. A new type of particle is postulated with the following condition on the
occupation of quantum mechanical states: for each state r with energy &, the
allowed values of the occupation numbers are n; =0, 1, or 2.

a. [15] Show, starting from the probability that a given state r has occupation
number n,

e—nr (& —u)IKT

pr(nr)=W'
n

that the average occupation number of the postulated particles in a single-particle
state with energy €is given by
o X(1+ 2x)
T 1+ x(1+x)
with
x=exp(—(e—u)/KT)

b. [15] Under what condition(s) reduces <n¢> to Boltzmann statistics where the
number of available states greatly exceeds the number of particles? Hint: translate
that condition into expected value range of <n¢>.

Equations for statistical thermodynamics

Taylor series: exponent: e’ ~1+X x<<1
logarithm: INl+x)=x x<<1
. . - 1
Geometrical series ZX“ = 1— (x<1)
n=0 —X

Integration over angles 6 and ¢ of a volume element in polar coordinates

T 2z T 2
[ [dr=] [ r*sinodpdodr = 4zr’dr
0=0 p=0 0=0 p=0
Stirling approximation: INN!~NInN —N (N>>1)
z=>Ye""" A=U-TS=—kTInZ; S=—(%j -Yikinz;
; oT hn T
e (]
o A N Jrn ON Jry

E(uV,T)=>YeMTZ(NV,T)

N=0



Solutions.

1la. See Widom p. 60+61. A unit volume in ny, ny, n; space refers to a single state.
Thus, the total number of frequencies in between vand v +dv is the volume of a

spherical shell in the positive octant of that space, thatis, G(v)dv = %47[R2dR

2lv 2L
Where R = /n; +n¢ +n; = Y dR=Z=dv.There is an extra factor of two
C C

because of the two transverse polarizations. Take that into account, and QED.

1b. See Widom p.67. Eq.(4.22) in Widom can be derived by starting with the

o0 1 o)
definition of average energy being £(v) =< ¢(v) >= Zgn p, = _Zgne—sn/w
n=0 Z

= e " = _k dInz/d(1/T). Using that leads to the equation that
7 d(l/kT Z(; (A/T). Using q

was sought.

1c. Total energy within the frequency interval is the total number of modes in that
interval times the average energy per mode, and thus E(v)dv =G(v)e(v)do.

dE(v ) . . .
d. Set d( ) =0, use the chain rule, and realize that at the maximum, it should be
v
that e™='*T >>1 so that e™’\" —1~e™/"T,

The relation T =hv,,, /3K is indeed being used to estimate the temperature of the

cosmic microwave background. There is a potential issue with the redshift due to the
expansion of the universe, but that is a relatively small effect.

2a. see Widom p. 90+ 91
2b. only the part with o1<r<o; contributes to the integral so we have

Ew = 22N [ gD dr =~ =N o (07 - )

o1

Clearly E_int goes from negative values to zero upon increasing temperature in the
situation of an ‘attractive’ square well, and from positive to zero for an repulsive
‘well’ — actually a ‘shoulder’. The physical reason is that upon increasing temperature
the probability that the systems resides in the well becomes smaller for attractive
wells and higher for repulsive wells. Thus the fraction of time spent in the wells tend

to become comparable to the fraction of time spent outside the well.



2
nx"
2 nzz(; X+2x>
3.a.Use that <n, >= Y np, =" =1 -, with x=exp(—(e— 1) /KT).
n=0 an +X+X

n=0

b. In the Boltzmann limit where the number of states greatly exceeds the number of
particles is should be that <n¢> << 1 for all values of €. In other words, on average
most states are unoccupied in this limit. That translates into x << 1, or (g — u)/kT >>0.

Since €2 it should be that p << 0. [That will do for an answer — in fact, via

1 =KT In(A®p), with A the thermal de Broglie wavelength, this condition in turn

translates into the (hopefully familiar) condition A3p <<1.]
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Problem 1

(a) What is the Gibbs dividing plane and how is it defined? [1 point]

(b) Explain how the surface coverage of certain species can be negative and give an
example. [1 point]

Problem 2
The critical micelle concentration of a homologue series of sodium alkyl-sulphates,
H(CH,),COSO;™ Na® at 40°C is given in the table below as a function of chain length, n.

n 8 10 |12 14 16

c.m.c., mmol/l | 140 |??? |86 |2.1 |0.5

(a) Is micelle formation driven by hydrophilic heads or hydrophobic tails of these
molecules? Explain why c.m.c. is smaller for larger n. [1 point]

(b) The c.m.c. value for n=10 is missing. Using the given data, predict the missing value. [2
points]

Problem 3

(a) Describe what happens when a drop of hexanol H(CH;)sOH (h) is applied to a clean
water (w) / air (a) interface, given %yn = 6.8 mN/m, 1, = 24.8 mN/m, ¥%ya = 72.8 mN/m for
a clean water surface and 7wa* =28.5 mN/m for a saturated hexanol solution in water.
[2 points]

(b) Why the water/air interfacial tension strongly reduces (ywa* << Ja, S€e question (a)
above) when a small amount of hexanol dissolves in water? [1 point]

Problem 4

(a) Using the sketch above and Young’s law explain how a soap helps with cleaning dishes
and other kitchenware. Using Young’s law and Gibbs adsorption equation explain why it
is important to ensure adsorption of soap at the solid-water interface? What can
happen if this condition is not met? [2 points]



Possibly useful formulas and constants

Gibbs adsorption equation dy = —erl)d y7

Chemical potential of a solute in a dilute solution z; = "+ RT Inc;

—-N
Critical micelle mole fraction X_ . =e€xp A exp Au .
(n=1)RT RT

Young's law ¥ = ¥ + 7 g €c0sd

Vd
Adsorption energy of a spherical particle at an oil-water interface AU ; = _Z Dzj/ow (l Fcos 9)2

Area of a circle with diameter D: A. = (7/4)D?

circle

Surface area of a sphere with diameter D: A, = = 7D’

Volume of asphere V.. = (7 / 6)D’

Avogadro number N,, = 6 102 mol™.
Boltzmann constant kg = 1.38 x 102 J/K.

Ideal gas constant R = kg N, =8.31 mol™ K™,



Problem 1
(a) What is the Gibbs dividing plane and how is it defined? [1 point]

A
Cl Gibbs
1 w dividing plane

N

phase a phase 3

> X

The concentration of the molecules is varying smoothly through the interface from its bulk value in
one phase to that in the other as illustrated in the sketch above. The Gibbs dividing plane is defined
such that there is no excess molecules of at the surface. It means that the overestimation of the
number of molecules in the phase a (shaded region on the left-hand side of the Gibbs dividing plane)
is exactly compensated the underestimation of the number of molecules in the phase 3 (shaded
region on the right-hand side). For solutions the position of the Gibbs dividing plane is defined using
the profile of the solvent molecules.

(b) Explain how the surface coverage of certain species can be negative and give an
example. [1 point]

For solutions the Gibbs dividing plane is usually defined for solvent molecules. The (positive or

negative) excess number of solute molecules is then introduced relative to the Gibbs dividing plane

for solvent. This excess number can be negative when the solutes are depleted (e.g., ions) from the

near-surface region.

Problem 2
The critical micelle concentration of a homologue series of sodium alkyl-sulphates,
H(CH,),COSO;s™ Na® at 40°C is given in the table below as a function of chain length, n.

n 8 10 | 12 14 16

c.m.c., mmol/l | 140 |??? |86 |21 |05

(a) Is micelle formation driven by hydrophilic heads or hydrophobic tails of these
molecules? Explain why c.m.c. is smaller for larger n. [1 point]

The hydrophobic tails are responsible for micelle formation as they can win free energy by
coming together and reducing the contact with water. The longer the tail, the stronger is the
energy gain Au and the smaller is the c.m.c.

(b) The c.m.c. value for n=10 is missing. Using the given data, predict the missing value. [2
points]



The c.m.c. values exponentially depend on the change of the standard chemical potential A (see
the formula provided). One can assume that Au(n) linearly depends on the chain length n. The
c.m.c. for n=10 can be estimated as follows. As described above, one can assume

Au(10) = [A,u(S) + A,u(12)] / 2. Because of the exponential relation between X_,. and Az,

C
Xeme (10) = /X e (8) X e (12) =35 mmol/I. This estimated value is indeed very close to the

experimental result X__(10) =33 mmol/l [see Exercise 2a on page 27 of the lecture notes].

cmc

Problem 3

(a) Describe what happens when a drop of hexanol H(CH;)sOH (h) is applied to a clean
water (w) / air (a) interface, given %y = 6.8 mN/m, 1, = 24.8 mN/m, %ya =72.8 mN/m for
a clean water surface and 7wa* = 28.5 mN/m for a saturated hexanol solution in water.
[2 points]

A droplet of hexanol will initially spread over the water surface since it is energetically
favorable to replace the water/air interface (). = 72.8 mN/m) with water/hexanol and
hexanol/air interfaces (Jwh + /ha = 6.8 + 24.8 = 31.6 < 72.8 mN/m). However, in equilibrium
hexanol will partially dissolve in water. This will significantly reduce the water/air interfacial
tension and the spreading coefficient will become negative: $=28.5-(24.8 + 6.8) =-3.1
mN/m. The droplet will therefore stay on the water surface in a form of a thin “lens”.

(b) Why the water/air interfacial tension strongly reduces (7wa* << %wa, S€€ question (a)
above) when a small amount of hexanol dissolves in water? [1 point]

Hexanol molecules possess a relatively long hydrophobic tail, which leads to their low
solubility in water. However, they can effectively adsorb at the air-water interface by sticking
out the tails into the gas phase and keeping the polar group in water. According to Gibbs
adsorption equation, positive adsorption leads to lower surface tension.

Problem 4

(a) Using the sketch above and Young’s law explain how a soap helps with cleaning dishes
and other kitchenware. Using Young’s law and Gibbs adsorption equation explain why it
is important to ensure adsorption of soap at the solid-water interface? What can
happen if this condition is not met? [2 points]



Cleaning oil droplets from a solid surface will be much more efficient if the contact angle at
the oil-water-solid contact line is increased towards 180°. According to Young’s law,

cosO = (Vs —¥s0)/ Ywo - An obvious effect is the adsorption of soap at the oil/water interface,
which will reduce },, . However, if this is not accompanied by a reduction of y,, and making

Vsw —Vso <0, areduction of y,, will shift cos @ towards a larger positive value. On the left sketch

(no soap) @ <90° and, therefore, ¥, — o > 0! For cos@d — 1 the contact angle will reduce,
which will lead to an even better spreading of oil over the solid surface. To fulfil the condition
Ysw —Vso <0, one needs to reduce yg, . According to Gibbs adsorption equation, this can happen if

soap strongly adsorbs at the sold-water interface.
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Polyethylene glycol (PEG) is a polymer of ethylene glycol (EG; molar mass:
62 g/mol; density: ~1 g/cm?). Solutions of “PEG-4000” (4000 g/mol, ~1 g/cm?) in
water (18.0 g/mol, 1.00 g/cm?, 1.0 mPas) have an osmotic pressure given by the

following equation:
I1 = Ac + Bc?

where Il is the osmotic pressure in Pa, A is a constant, B =27.2 Pa per (g/L)z, and c
is the concentration in g/L. Except if the question asks to find a (critical)

temperature, assume a temperature of 300 K.
1. [10] Predict the value of A.
2. [10] Is water a good solvent for PEG? (no points are given for just “yes” or “no”)

3. [20] From the given information, predict the minimum temperature above

which PEG-4000 should be fully miscible with water.

4. [10] Calculate the mixing enthalpy and the mixing entropy of a solution with

4.00 g of PEG-4000 and 180 g of water.

5. [10] Without necessarily performing the calculations, explain how you
expect that the answers will change if questions 1, 2, 3, and 4 are asked

about the monomer (ethylene glycol) rather than about polymer?

PEG-4000 can be chemically attached to nanoparticles of iron oxide (5.2 g/cm?)
with a diameter of 10.0 nm, to promote their sterical stabilization. This can for
instance be done by modifying the uncharged PEG molecules with a negatively
charged phosphate end group, so that strong adsorption occurs to the positively
charged bare surface of iron oxide in acidic solution. Including polymer layer, the

hydrodynamic diameter is measured to be ~30 nm.



6.[10] The iron oxide nanoparticles have a magnetic dipole moment m equal
to 1.0x10°" Am’. As a result, they are drawn toward a magnet by a
magnetic force equal to mB’, where B’ is the magnetic field gradient.
Calculate the speed at which the particles will move magneto-
phoretically in water toward a magnet, assuming a constant magnetic

field gradient B’ of 1.0 tesla per meter (1.0 T/m, with T = JA"'m™).

7.[20] At magnetophoresis-diffusion equilibrium, for each nanoparticle at
each distance from the magnet, the magnetic force is balanced by the
gradient in the approximately ideal chemical potential of the
nanoparticles. Using the information in question 6, estimate across
which distance the concentration of nanoparticles will change by a
factor of e = 2.718... at magnetophoresis-diffusion equilibrium. You
may first need to find an expression for the concentration profile, in a

derivation similar to that for sedimentation-diffusion equilibrium.

8.[10] At high salt concentrations, the colloidal stability in acidic solution is
very poor for bare iron oxide particles but excellent after chemical

anchoring of PEG-4000 to their surface. Explain these observations.

Equations and constants for colloids & polymers

MV = nRT % = WI(RT) ze =L+ Jrffar g =1+ r)?
II = RT G + R2T (l - )[jsz AG = (n]_ + rnz)RTZ¢1¢2 + RT[n]_ In ¢l +1y In ¢2]

1
¢ =n1/(ny +113) Py =10/(Ny +11) gy = :Ulo + kBT{In(l - ¢)+ [1 - FJ¢ + ﬂ((bz}

R =8.314 JK'mol™* g=9.8m/s? kg ~ 1.38x10% JK ™ 1 atm = 101325 Pa
u = p+ksTIn(c) P=pgh F=Amg E = Amgh F = 6nyau
n = (FIA) | (V/h) D = kg T/(67770) V = (4/3)na’ f = f, exp[-U/(KT)



Fysische Chemie 3 (SK-BFYC3) / Advanced Physical Chemistry (SK-MPC3)
Answers to the questions on the partial exam on Colloids & Polymers of April 13, 2018

The value of B for PEG-4000 is from Plant Physiol. 91, 766 (1989), one of the publications provided as a
“context paper” on BlackBoard.

__ MinPa _ RT

1. el M—Zin Pa per g/L
_ B314JK " mol )00 K)Nm _Pa_1000L _ o o oot
= (4000 g mol-1) ] Nm2 m3 .6 Paperg

2. The nonideal term in the equation for the osmotic pressure is positive:

_ RT (1 )>0
_(P2)2V1 2 X

The sign is determined by the factor (% — )(), as all other factors are positive.

The osmotic pressure is higher than in the ideal case, corresponding to a good solvent.

3. First, we must find the value of y.

1 [27.2 Paper (%)2](p2)2v1

F (1— )—272P (E)Z'tfu that y ==
rom (3 —x) =272 Paper (7) itfollowsthat y =7 —
2 2
27.2 Pa per (5) (1000 g) [18.0 x 10~6 m3mol 1]
1 L L = 0.304
) (8.314 JK-1mol~1)(300 K) o

The next step is to find the critical temperature above which no more demixing is expected.

T. =w/(x.R) wherew = yRT = (0.304)R(300K) and . = (1 + \/7)2/(27*):0.632, with
r = (4000 gmol™1) /(62 gmol™1) = 64.5. On this basis,

T, = (0.304)(300K)/(0.632) = 144 K.

In reality, aqueous solubility of PEG-4000 at 20 °C is not complete but 66 weight percent,
indicating that the previous calculations underestimate the critical temperature.

4. The enthalpy of mixing is:

AH = (ny + ™ny)RTxp1 ¢,
. orng, (64.5)(0.00100 mol) _
with ¢, = ni+rn,  (10.0 mol)+(64.5)(0.00100 mol) 0.0064

(since 4.00 g of PEG-4000 is 0.00100 mol and 180 g of water is 10.0 mol).

= [(10.0 mol) + (64.5)(0.00100 mol)](8.314 JK~1mol~1)(300 K)(0.304)(0.9936)(0.0064)
=485]

The entropy of mixing is:
—R[n4In¢; + nylng,|
= —(8.314JK " *mol™1)[(10.0 mol)In(0.9936) + (0.00100 mol)In(0.0064)] = 0.58 JK~1



The value of A would be higher by a factor of r = 64.5, so 40.2 kPa per g/L.

Water will also be a good solvent for EG, since the critical temperature would be even lower
(T, = 2w/ (R) for a regular solution (r = 1), so it would be lower by a factor 2/0.632 (46 K).

The mixing enthalpy would remain unchanged, as ¥, the volume fractions, and the number of
moles of solvent and of polymer segments (now all separate from each other) remain the same.

The mixing entropy would go up (to 3.24 JK™), since 4.00 g of EG is 64.5 times as many moles as
4.00 g of PEG-4000.

This is a variation on the theme of calculating the sedimentation rate (which can in this case be
calculated to be about 8x10™ ms™*). The magnetic force on the particles should be put equal to
the viscous force and one can solve for the speed of the magnetophoresis:

- TJA 'm™2
19 A2
mp (10X 10719 Am )(1.0 - )

" 6mnay  6m(0.00100 Pa-s)(15.0 x 109 m)

=3.5x%x10"1"m/s

Putting the words into mathematical expressions gives:
du din(c)
—mB' = —=kgT———
dx BT dx
where ideality of the chemical potential of nanoparticles was assumed via:
u=u®+ kgTIn(c)

Integrating from x, to x, with c(xy)=co and c(x)=c, we get:
mB'(x — x,)
kgT
This implies that the characteristic distance (where the exponent is —1) is equal to:
kgT (1.38 x 10723 J/K)(300 K)
T T ]A—lm-Z)
m T

€ = Coexp [—

=0.04m

mB (1.0 x 10-1° Am?) (1.0

The answer might use a schematic illustration of a total interaction potential (potential energy
versus distance between outer surfaces of the iron oxide crystals). The main point is that the
attractions (Van der Waals and magnetic) start to operate at a certain distance that is shorter
than the distance at which sterical repulsion from attached PPEG is already effective and that is
longer than the distance at which repulsion due to surface charges starts to act. As a result, the
total pair potential in the presence of a sterical stabilization layer is repulsive at each distance
between iron oxide crystals, whereas for the bare crystals, the attraction is already winning at
the short distances where repulsion due to surface charge starts to become significant.
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